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1 Tridiagonal pair
$\mathcal{X}$ P- and Q-polynomial association scheme, $T$ Terwilliger
$T$ $A,$ $A^{*}$ $V$ $T$-
$A,$ $A^{*}$ $V$ tridiagonal pair (TD-pair) $A|v,$ $A^{*}|v$
End (V) q-Onsager
TD-pair $T$
P- and Q-polynomial association scheme $\mathcal{X}$
q-Onsager
Drinfel’dpolynomial
P- and Q-polynomial association
scheme, Terwilliger q-Onsager (
), TD-pair Drinfel’d polynomial
1 $V$ $\mathbb{C}$ $A,$ $A^{*}$ $V$
$\langle A,$ $A^{*}\rangle$ $A,$ $A^{*}$ End(V)
$V$ $\langle A,$ $A^{*}\rangle$ - $A$ $\{V_{1}\}_{i=0}^{d}$
$A^{*}$ $\{V_{i}^{*}\}_{i=0}^{d}$ (i), (ii)
$A,$ $A^{*}$ $V$ tridiagonal pair $(TD-p\mathscr{A}r)$ :
(i) $A^{*}V_{i}\subseteq V_{1-1}+V_{i}+V_{i+1}$ $(0\leq i\leq d)$ , $V_{-1}=0,$ $V_{d+1}=0$ .
(ii) $AV_{1}^{*}\subseteq V_{1-1}^{*}+V_{i}^{*}+V_{t+1}^{*}$ $(0\leq i\leq d^{*})$ , $V_{-1}^{*}=0,$ $V_{d^{*}+1}^{*}=0$ .
TD-pair $A,$ $A^{*}\in$ End(V) TD-pair $B,$ $B^{*}\in$ End$(V’)$
$\psi$ : $Varrow V’$ $B\psi=\psi A$ ,
$B^{*}\psi=\psi A^{*}$
1 TD-pair $A,$ $A^{*}$
(1) $d=d^{*}$ $A,$ $A^{*}$
$d$ TD-pair $A,$ $A^{*}$
(2) $A$ $\{V_{:}\}_{i=0}^{d}$ (i)







$A,$ $A^{*}\in$ End(V) TD-pair $A$ $\theta_{i},$ $A^{*}$
$V_{i}^{*}$ $\theta_{i}^{*}$ $(0\leq i\leq d)$ .










$V_{0}^{*}+V_{1}^{*}+\cdots+V_{i}^{*}=U_{0}+U_{1}+\cdots+U_{i}$ $(0\leq i\leq d)$ ,
$V_{i}+V_{i+1}+\cdots+V_{d}=U_{i}+U_{i+1}+\cdots+U_{d}$ $(0\leq i\leq d)$
TD-pair
(A- $\theta$i) $U_{i+1}$ $(0\leq i\leq d)$ ,
( $A*$ - $\theta$7) $\subseteq$ $U_{i-1}$ $(0\leq i\leq d)$
$(U_{-1}=U_{d+1}=0)$ .







dlm $V_{i}=\dim U_{i}=\dim V_{i}^{*}(0\leq i\leq d)$
$A$ $\{V_{i}\}_{i=0}^{d}$
$\dim V_{d-i}=\dim V_{i}^{*}$ $(0\leq i\leq d)$
(TerwiUiger’s trick!).
$V$ $R,$ $L$
$R=$ $A- \sum_{:=0}^{d}\theta_{i}F_{i}$ ,
$L=A^{*}- \sum_{i=0}^{d}\theta_{\dot{t}}^{*}F_{1}$
raising map, lowering map
1 $RU_{i}\subseteq U_{i+1}$ , $LU_{i}\subseteq U_{i-1}$ $(0\leq i\leq d)$
$(U_{-1}=U_{d+1}=0)$ . $R,$ $L$
1
$\mathscr{A}^{-i}|_{U_{l}}:U_{i}arrow U_{j}$
$i+j\leq d$ $i+j\geq d$ $i+j=d$
$(0\leq i<j\leq d)$ .
$L^{j-i}|_{U_{t}}:U_{j}arrow$
$i+j\geq d$ $i+j\leq d$ $i+j=d$
$(0\leq i<j\leq d)$ .
1 $\{\dim U_{i}\}_{i=0}^{d}$ unimodal :
$\dim U_{i}=\dim U_{d-i}$ $(0\leq i\leq d)$ ,




1 TD-pair $A,$ $A^{*}\in$ End(V) $V=\oplus_{i=0}^{d}U_{i}$
$\dim U_{i}\leq(\begin{array}{l}di\end{array})$ .
$\dim U_{0}=1$
2 TD-pair $A,$ $A^{*}\in$ End(V) $\dim U_{i}=1(0\leq i\leq d)$
Leonard pair
3 TD-pair $A,$ $A^{*}\in$ End(V) $V=\oplus_{i=0}^{d}$ U




$\sigma_{0}$ $=$ $1$ ,
$\sigma_{i}$ $=0$ $(d+1\leq i)$
$\sigma_{d}\neq 0$






$(b)_{0}\{\begin{array}{l}\sigma_{0} = 1,\sigma_{d} \neq 0\end{array}$
( $b$ ) : $\sum_{i=0}^{d}\sigma_{i}\prod_{j=i+1}^{d}(\theta_{0}-\theta_{j})(\theta_{0}^{*}-\theta_{j}^{*})\neq 0$
TD-pair $A,$ $A^{*}\in$ End(V) $A$ $\{\theta_{\mathfrak{i}}\}_{i=0}^{d}$ ,
$A^{*}$ $\{\theta_{i}^{*}\}_{=0}^{\dot{d}},$ $L^{i}H|_{U_{0}}$ $\{\sigma_{i}\}_{i-\triangleleft}^{d}$
$(\{\theta_{i}\}_{i=0}^{d}, \{\theta_{i}^{*}\}_{i=0}^{d}, \{\sigma_{i}\}_{i=0}^{d})$
$(\#)_{0},$ $(\#),$ $(b)_{U},$ $(b)$
TD-pair $(\#)_{0},$ $(\#),$ $(b)_{0},$ $(b)$
TD-palr
2 TD-pair $A,$ $A^{*}$ $(\#)_{0},$ $(\#),$ $(b)_{0},$ $(b)$
$(\{\theta_{i}\}_{\=0}^{d}, \{\theta^{\dot{*}}\}_{i=0}^{d}, \{\sigma_{1}\}_{\mathfrak{i}=0}^{d})$ 1 1
TD-pair $A,$ $A^{*}\in$ End(V)
$\dim U_{i}$
1 TD-pair $A,$ $A^{*}\in$ End(V) character
$ch( \lambda)=\sum_{i=0}^{d}(\dim U_{i})\lambda^{i}$
2 Drinfel’d polynomial




$(a_{i}, a_{i}^{*}\in \mathbb{C}, a_{0}\neq 0, a_{0}^{*}\neq 0)$ . $B,$ $B^{*}\in$ End(V) TD-pair
$A,$ $B$ $A^{*},$ $B^{*}$
TD-pair $A,$ $A^{*}$ TD-pair $B,$ $B^{*}$












TD-pair $A,$ $A^{*}\in$ End(V) (1)
(2) $A,$ $A^{*}$
: $b,$ $b^{*}\in \mathbb{C}^{\cross}$ $\epsilon,$ $\epsilon^{*}\in\{0,1\}$















$P_{V}(\lambda)$ TD-pair $A,$ $A^{*}\in$ End(V) $D$ $\psi$l $)$d polynomial
$L^{i}H|_{U_{0}}$ $\{\sigma_{i}\}_{i=0}^{d}$ $(b)_{0},$ $(b)$ Drinfel $d$ polynomial
$P_{1\dot{\Gamma}}(\lambda)$ $\sigma_{0}=1$ $P_{V}(\lambda)$
monic $\sigma_{d}\neq 0$
$P_{V}(\lambda)\neq 0$ at $\lambda=\epsilon s^{-2}+\epsilon^{*}s^{2}$
(b)
$P_{V}(\lambda)\neq 0$ at $\lambda=t^{2}+\epsilon\epsilon^{*}t^{-I}$
2 $d$ TD-pair
$A,$ $A^{*}$ $(A,$ $A^{*}$ $(\#)$
) $s,$ $t$ $(\#)_{0}$ $\lambda=\epsilon s^{-2}+$
$\epsilon^{*}s^{2},$ $t^{2}+\epsilon\epsilon^{*}t^{-2}$ $d$ 1 1
TD-pair $A,$ $A^{*}\in$ End(V) $A,$ $A^{*}$
$L^{i}R^{i}|_{U_{0}}$ $\{\sigma_{i}\}_{i=0}^{d}$
$A,$ $A^{*}$ Drinfel $d$ poly-
nomial $P_{V}(\lambda)$ $A,$ $A^{*}$
3TD-pair $A,$ $A^{*}\in$ End(V) 1 $A,$ $A^{*}$
4






5 $a$ 4 a $q^{-\ell+1}$ ,
$aq^{-l+3},$ $\cdots$ , $a$ $q^{\ell-1}$ $S(\ell, a)$ :
$S(l,a)=\{aq^{2i-\ell+1}|0\leq i\leq\ell-1\}$ .
$S(l, a)$ $p$ q-string
q-string $S(\ell, a),$ $S(\ell’, a’)$
(i) $S(l, a)\cup S(l’, a’)$ is not a q-string,
or
(ii) $S(\ell, a)\subseteq S(l’, a’)$ or $S(l, a)\supseteq S(P’, a’)$
q-string multi-set $\{S(\ell_{i}, a_{i})\}_{i=1}^{n}$
$S(l_{i},a_{i}),$ $S(l_{j}, a_{j})(i\neq j)$
q-string multi-set $\{S(l_{i}, a_{i})\}_{i=1}^{n},$ $\{S(l_{i}’, a_{i}’)\}_{i=1}^{n’}$
multi-set $\epsilon_{i}\in\{\pm 1\}(1\leq i\leq n)$
$\{S(\ell_{i}, a_{i}^{\epsilon_{i}})\}_{\mathfrak{i}=1}^{n}$ $\{S(l_{i}’, a_{i}’)\}_{i=1}^{n’}$ multi-set
$n=n’$ $S(p_{i}’, a_{i}’)$ $=l_{i}’,$ $a_{i}^{\epsilon_{i}}=a_{i}’$
$(1\leq i\leq n)$
q-string $S(\ell, a),$ $S(p_{a’)}’$
$\epsilon,$ $\epsilon’\in\{1, -1\}$ $S(\ell, a^{\epsilon}),$ $S(l’, a^{\prime\epsilon’})$
q-string multi-set $\{S(l_{i}, a_{i})\}_{i=1}^{n}$
$S(l_{i}, a_{i}),$ $S(\ell_{j},aj)(i\neq j)$
$\{S(l_{i}, a_{i})\}_{i=1}^{n}$ multi-set
$(\epsilon, \epsilon^{*})=(1,1),$ $(1,0),$ $(0,0)$
character formula Case $(\epsilon, \epsilon^{*})=(0,1)$
$A,$ $A^{*}$ Case $(\epsilon, \epsilon^{*})=(1,0)$
Case $(\epsilon, \epsilon^{*})=(1,1)$ :





$\Omega_{i}$ ( $\Omega_{i}$ multi-set ).
$\Omega=\bigcup_{1=1}^{d}\Omega_{i}$
( $\Omega$ $2d$ multi-set).
2 q-string multi-set $\{S(\ell_{i}, a_{i})\}_{i=1}^{n}$
5 :(1) $\{S(l_{1}, a_{i})\}_{i=1}^{n}$
(2) multi-set
$\Omega=\bigcup_{i=1}^{n}$ $(S(\ell_{i}, a_{i})\cup S(\ell_{i}, a_{1}^{-1}))$ .
1 character $ch(\lambda)$
4 $ch( \lambda)=\prod_{:=1}^{n}\frac{1-\lambda^{l_{*}+1}}{1-\lambda}$ .
TD-pair $A,$ $A^{*}\in$ End(V) Leonard pair ( 2)
Drinfel’d polynomial $P_{V}(\lambda)$
Case $(\epsilon, \epsilon^{*})=(1,0)$ :
Drinfel $d$ polynomial $P_{V}(\lambda)$ $\lambda_{1},$ $\lambda_{2},$ $\cdots,$ $\lambda_{d}$











5 $ch( \lambda)=\frac{I-\lambda^{\ell+1}}{1-\lambda}\prod_{i=1}^{n}\frac{1-\lambda^{f_{l}+1}}{1-\lambda}$ .
Case $(\epsilon, \epsilon^{*})=(0,0)$ :
4
$P_{V}( \lambda)=Q^{-1}\sum_{i=0}^{d}\sigma_{i}\prod_{j=i+1}^{d}(q^{j}-q^{-j})^{2}(-\lambda)$











6 $ch( \lambda)=\prod_{i=1}^{n}\frac{1-\lambda^{l_{i}+1}}{1-\lambda}$ .
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